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-I- DAMAGE MODEL

We adopt the Francfort-Marigo model of damage.

☞ We work in the framework of linearized elasticity.

☞ We work in a quasi-static regime.

☞ A brittle material can be damaged by an excess of stress.

☞ Damage is brutal, i.e., the elasticity properties change discontinuously.

☞ Damage is partial, i.e., the elastic moduli after damage are still positive.

☞ Damage is irreversible.

☞ We follow the Griffith point of view of an energetic criterion for the onset of

damage.
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�

�

�

�Damage model (2)

Healthy phase A1, damaged phase A0 satisfying

A1 ≥ A0 > 0

in the sense of quadratic forms for fourth-order tensors.

Introduce the energy release rate of damage, a constant κ > 0.

For a given strain tensor ε damage takes place at a given point if

1

2

(

A1 −A0)

ε · ε > κ.

Denote by χ = 0, 1 the characteristic function of the damaged phase. The

mixture elastic tensor is

Aχ = A1(1 − χ) +A0χ
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�

�

�

�Damage model (3)

In a domain Ω the elasticity system reads as















−div (Aχe(uχ)) = f in Ω,

uχ = uD on ΓD,

Aχe(uχ)n = g on ΓN .

with e(u) =
1

2

(

∇u+ ∇Tu
)

and σ(u) = Aχe(u).

The solution uχ ∈ V = {u ∈ H1(Ω; IRd) such that u = uD on ΓD} is the

minimizer of

Pχ(uχ) = min
u∈V

Pχ(u) .

with Pχ(u) =

∫

Ω

(

1

2
Aχe(u) · e(u) − f · u

)

dV −
∫

ΓN

g · udS.
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�

�

�

�Damage model (4)

The Francfort-Marigo model amounts to minimize jointly over u and χ the sum

of the elastic potential energy and of a Griffith energy

min
u∈V,χ∈L∞(Ω;{0,1})

{

J (u, χ) = Pχ(u) + κ
∫

Ω
χdV

}

.

After minimization in χ we obtain a non-linear non-convex functional to be

minimized in V

E(u) =
1

2

∫

Ω
min

(

A1e(u) · e(u), A0e(u) · e(u) + 2κ
)

dV −
∫

Ω
f ·u dV −

∫

ΓN

g ·u dS.

It is a clear indication that this model is not well-posed.
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�
�

�
�Irreversibility constraint

Time is discretized as t1 = 0 < t2 < ... < ti < ti+1.

At each time ti the loads fi, gi and uD,i are incremented.

The model is irreversible which means that a material point x ∈ Ω which is

damaged at a previous time must remain damaged at a later time

χi(x) ≥ χi−1(x).

Therefore, the Francfort-Marigo model is a sequence, indexed by i ≥ 1, of

minimizations

inf
u∈Vi,χ∈L∞(Ω;{0,1})

χ≥χi−1

Ji(u, χ) ,

with minimizers χi and uχi
(if any).



Shape optimization 7 G. Allaire

�
�

�
�Analysis of the model

☞ The model is ill-posed: Francfort and Marigo computed its relaxation by

homogenization (for the first time step).

☞ The relaxation of further time steps was performed by Francfort and Garroni.

☞ Further work of Garroni and Larsen on threshold criteria.

☞ Related works for crack propagation: Francfort-Marigo, Bourdin, Chambolle,

Dal Maso...

An additional essential ingredient in the relaxation process is a global stability

argument, meaning that only global minimizers are sought.

For physical reasons as well as for numerical reasons we want to depart from this

assumption: we look for local minimizers (in a sense to be made precise).
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-II- SHAPE OPTIMIZATION APPROACH

In a fixed domain Ω we have a mixture

Aχ = A1(1 − χ) +A0χ

with an interface Σ between the phases A0 and A1















−div (Aχe(uχ)) = f in Ω,

uχ = uD on ΓD,

Aχe(uχ)n = g on ΓN .

We minimize a general objective function

J(χ) =
1

2

∫

Ω
Aχe(uχ) · e(uχ)dV +

∫

Ω
j(x, uχ)dV +

∫

ΓN

h(x, uχ)dS .
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�
�

�
�Strategy

ω

Γ

ΓΓ

N

Γ

D

0

D

N
0

☞ The optimization variable is the interface Σ.

☞ We start from a non-empty initial interface (we can initialize it by the

topological gradient).

☞ We compute a shape derivative of the objective function with respect to Σ.

☞ We apply a gradient method which moves the interface to the nearest local

minimum (in this sense).



Shape optimization 10 G. Allaire

�
�

�
�Shape differentiation

Framework of Murat-Simon:

Let Ω0 be a reference domain. Consider its variations

Ω =
(

Id+ θ
)

Ω0 with θ ∈ W 1,∞(IRN ; IRN ).

Lemma. For any θ ∈ W 1,∞(IRN ; IRN ) such that ‖θ‖W 1,∞(IRN ;IRN ) < 1, (Id+ θ) is

a diffeomorphism in IRN .

Definition: the shape derivative of J(Ω) at Ω0 is the Fréchet differential of

θ → J
(

(Id+ θ)Ω0
)

at 0.
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x

Ω

x+  (x)θ

0
  d 0(Ι  +θ)Ω

The set Ω = (Id+ θ)(Ω0) is defined by

Ω = {x+ θ(x) | x ∈ Ω0} .

The vector field θ(x) is the displacement of Ω0.
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Examples of shape derivative

Let Ω0 be a smooth bounded open set and f(x) a smooth function defined on

IRN . Define

J1(Ω) =

∫

Ω
f(x) dx and J2(Ω) =

∫

∂Ω
f(x) ds.

They are differentiable at Ω0 and, for any θ ∈ W 1,∞(IRN ; IRN ),

J ′
1(Ω0)(θ) =

∫

∂Ω0

θ(x) ·n(x) f(x) ds and J ′
2(Ω0)(θ) =

∫

∂Ω0

θ ·n
(

∂f
∂n

+Hf
)

ds,

where H is the mean curvature of ∂Ω0 defined by H = div n.
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�
�

�
�Difficulty with an interface

The strain and stress tensors are not continuous through the interface σ.

Notation: a symmetric d× d matrix M is written in the local basis (n, t) as

M =





Mtt Mtn

Mnt Mnn



 with n = normal, t = tangent.

Lemma. Let e and σ be the strain and stress tensors of the solution. All

components of σnt, σnn, and ett are continuous across Σ, while the others jump






















[enn] = [(2µ+ λ)−1]σnn − [λ(2µ+ λ)−1] trett

[etn] = [(2µ)−1]σtn

[σtt] = [2µ]ett + ([2µλ(2µ+ λ)−1] trett + [λ(2µ+ λ)−1]σnn)Id−1
2

where Id−1
2 is the (d− 1)-identity matrix and [α] = α1−α0 is the jump through Σ.
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�
�

�
�Shape derivative of a general objective function

The shape derivative with respect to the interface Σ of

J(χ) =
1

2

∫

Ω
Aχe(uχ) · e(uχ)dV +

∫

Ω
j(x, uχ)dV +

∫

ΓN

h(x, uχ)dS

is J ′(χ)(θ) =

∫

Σ
D(x) θ · ndS with

D(x) = −[
1

(λ+ 2µ)
]σnn(uχ)σnn(pχ) − [

1

µ
]σtn(uχ) · σtn(pχ)

+ [2µ] ett(uχ) · ett(pχ) + [
2λµ

(λ+ 2µ)
] trett(uχ) trett(pχ)

+ [
λ

(λ+ 2µ)
] (σnn(uχ) trett(pχ) + σnn(pχ) trett(uχ))

+ [
1

2(λ+ 2µ)
] (σnn(uχ))2 + [

1

2µ
] |σtn(uχ)|2 − [µ] |ett(uχ)|2

− [
λµ

λ+ 2µ
] ( trett(uχ))2 − [

λ
λ+ 2µ

]σnn(uχ) trett(uχ),
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with the state uχ and the adjoint state pχ defined by















−div (Aχe(pχ)) = f + j′(x, uχ) in Ω,

pχ = 0 on ΓD,

Aχe(pχ)n = g + h′(x, uχ) on ΓN .

Remark. The proof is new and relies on a variational formulation of the

transmission conditions at the interface.

Similar results in the conductivity case by Hettlich-Rundell (98) and Pantz (05).
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�
�

�
�Shape derivative of the Francfort-Marigo energy

The shape derivative with respect to the interface Σ of

J(χ) =
1

2

∫

Ω
Aχe(uχ) · e(uχ)dV −

∫

Ω
f · uχ dV −

∫

ΓN

g · uχ dS + κ
∫

Ω
χdV

is J ′(χ)(θ) =

∫

Σ
D(x) θ · ndS with

D(x) = κ+
1

2

(

σnn(uχ)[enn(uχ)] − ett(uχ) · [σtt(uχ)] + 2σtn(uχ) · [etn(uχ)]
)

.

Furthermore, if A0 ≤ A1, then
(

D(x) − κ
)

≤ 0 on Σ (here n = n0 = −n1).

Remark. We also computed a topological derivative to initiate a damaged zone.
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�
�

�
�PROPOSED NUMERICAL METHOD

Two nested loops:

(i) an outer loop for the discrete times ti, i ≥ 0,

(ii) an inner loop of gradient iterations for the minimization of the

Francfort-Marigo energy at each fixed time step ti.

✗ The irreversibility constraint on damage is taken into account only in the

outer loop (i).

✗ The inner loop (ii) is purely numerical optimization.

✗ The inner loop is performed with the level set method of Osher and Sethian.
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-III- NUMERICAL ALGORITHM

Interface capturing method on a fixed mesh of the domain Ω.

The damaged zone Ω0 is parametrized by a level set function















ψ(x) = 0 ⇔ x ∈ Σ = ∂Ω0

ψ(x) < 0 ⇔ x ∈ Ω0

ψ(x) > 0 ⇔ x ∈ Ω1

The propagation of the interface Σ with normal velocity V is obtained by solving

the Hamilton Jacobi equation

∂ψ
∂t

+ V|∇xψ| = 0.
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�
�

�
�How to compute the normal velocity V ?

The shape derivative is

J ′(χ)(θ) =

∫

Σ
D θ · ndS.

We choose θ = V n with a scalar field V such that

J ′(χ)(V n) =

∫

Σ
D V dS ≤ 0.

Recall that D is defined as a jump, defined on Σ only, without natural extension

over Ω. We therefore choose an extended and regularized V solution in H1(Ω) of
∫

Ω

(

η2∇V · ∇v + Vv
)

dV = −
∫

Σ
D v dS ∀ v ∈ H1(Ω),

where η is chosen of the order of a few ∆x. It ensures that

J ′(χ)(V n) = −
∫

Ω

(

η2|∇V|2 + |V|2
)

dV ≤ 0.
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�

�

�

�
How to compute the jump D ?

We need to approximate
∫

Σ
D v dS =

∫

Ω
δΣ D v dV.

✖ The Dirac mass function δΣ is approximated by

δǫ
Σ =

1

2
|∇(sǫ(ψ))| with sǫ(x) =

ψ(x)
√

ψ(x)2 + ǫ2
,

where sǫ is an approximation of the sign function with ǫ ≈ ∆x.

✖ We replace the jump D = [E ] by

Dapprox = [E ]approx = 2 ((1 − χ)E − χE)

where χ is the characteristic function of the damaged phase. The factor 2 in

the above formula takes into account the fact that
∫

Ω
δǫ

ΣχdV ≈
1

2

∫

Σ
dS.
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Inner loop at each time step

1. Initialization of the level set function ψ0 as the result of the previous time

step.

2. Iteration until convergence for k ≥ 1:

(a) Computation of uk by solving the linearized elasticity system with the

damage zone ψk. Evaluation of the shape gradient = normal velocity Vk

(b) Transport of the interface by Vk (Hamilton Jacobi equation) to obtain a

new damage zone ψk+1.

(c) Re-initialization of the level set function ψk+1 as the signed distance to

the interface.
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�
�

�
�Algorithmic issues

✗ Quadrangular mesh.

✗ Finite difference scheme, upwind of order 2, for the Hamilton Jacobi equation

(ψ is discretized at the mesh nodes).

✗ Q1 finite elements for the elasticity problem.

✗ At each elasticity analysis a single time step of transport is performed.

✗ We re-initialize the level set function at each iteration for precision

requirement. (Recall that the integrand D of the shape derivative contains

the normal vector n.)
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�
�

�
�FIRST NUMERICAL EXAMPLES

Except otherwise mentionned there are no forces and displacement are imposed

on part of the boundary.

The displacement are progressively increased with time.
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�
�

�
�Damage, mode I

Young moduli E1 = 1000 and E0 = 500. Same Poisson ratio ν1 = 0.3.

Damage phase is black on the figures. It ”breaks” in just one time step !
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�
�

�
�Convergence history and mesh refinement
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Griffith energy, elastic energy, cost function for 4 meshes

(plotted as a function of the imposed displacement).
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�
�

�
�Convergence under time-step refinement
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Cost function versus imposed displacement for 100, 200 and 400 time steps.
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-IV- SINGULAR LIMIT: CRACK PROPAGATION

We now take A0 very small, 10−9 smaller than A1: damage is no more partial.

We scale the ”discrete” energy to be minimized as

J∆x(u, χ) =

∫

Ω

(

1

2
Aχe(u) · e(u) − f · u

)

dV +
κℓ
∆x

∫

Ω
χdV ,

where ℓ is a characteristic lengthscale.

We expect that the bulk Griffith energy converges to a crack surface energy

lim
∆x→0

κℓ
∆x

∫

Ω
χ∆x dV = κℓ

∫

Σ
dS.

Some similarity with the Γ-convergence of scaled discrete energies in image

segmentation by Chambolle.
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�
�

�
�Link with fracture mechanics

Introducing a characteristic lengthscale and taking the limit A0 → 0 is similar to

a Γ-convergence approximation à la Ambrosio-Tortorelli of a fracture model

Jǫ(u, v) =

∫

Ω

(

1

2
(1 − v)2A1e(u) · e(u) − f · u

)

dV + κ
∫

Ω

(

v2

4ǫ
+ ǫ|∇v|2

)

dV ,

See the works of Bourdin-Francfort-Marigo, including manu numerical results.

Remark. Many previous works used level set methods in fracture mechanics:

Belytschko, Moës...
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�
�

�
�Fracture, mode I

Young moduli E1 = 1000 and E0 = 10−6. Same Poisson ratio ν1 = 0.3.
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�
�

�
�Convergence under time-step refinement
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Convergence under mesh refinement

Delicate !

We perform three distinct experiments:

1. refine ∆x and keep a constant initial crack width,

2. refine ∆x and the initial crack width,

3. refine ∆x, the initial crack width and scale κ like κℓ
∆x

.
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�
�

�
�No convergence for the 1st experiment
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Shape optimization 33 G. Allaire

�
�

�
�No convergence for the 2nd experiment
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�

�

�

�Convergence (at last !) for the 3rd experiment
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Cost function versus imposed displacement for various meshes.
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Fracture, mode II
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Bittencourt’s drilled plate
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3-d results

mode 1, mode 2, mode 3



Shape optimization 38 G. Allaire

�
�

�
�Conclusion and perspectives

☞ Efficient method with a single level set function.

☞ The results are quite sensitive to the numerical precision (ill-posed problem).

☞ How to handle a non interpenetration condition ?

☞ Prove a Γ-convergence result.


