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Introduction: RHE

0 1

. ubDu
u = div @g A - (1)
u2+ —jDuj?

> (represents a mean free path, c the speed of light

This equation was introduced by J.R. Wilson (circa 1960) as a
phenomenological model to control the speed of diffusion:

whenc!1l (mean free path small with respect to c): the solution
goes to

Ui = u: (2)

when !'1 (free streaming in transparent regions): the solution
goes to

U = cdiv uD—u 3
t = iDuj (3)
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Introduction: General case

More general equations of the type

8 Gl
3 — = div a(u; Du) in Qr=(;T) RN
@t
5 (4)
©u(0;x) = ug(x) in x2RN

O upg2 Ll(RN)

f (z; )is continuousin(z; )2 R RN, convex and differentiable in
anda(z; )=r f(z; )Iiscontinuous.

f satis es the linear growth condition

Co(z)k k Do(z) 1(z;) Mo(z)(k k+1) (5)

8(z; )2 R RN, and some positive and continuous functions Cgy, Do,
Mg, such that Cy(z) > 08z % 0.

2., . 2. .
Forthe RHE: f (z; )= Sjzj z?+ Zj j°
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Brenier's derivation of RHE

The RHE can be derived using a gradient descent with

h=arg min  hw) " .. +E()

2P (RN)
Z
E():= N FC)dx; F():= (n 1)
Z
WIP( 0, 1) = Inf K Xy d (X,Y) :
RN RN h

where is a probability measure in RN RN with marginals o; 1, and

8 q
3 2 1 1 4 if jzj ¢
k(z) := (6)
(2) >
+1 If jzj > c:
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Formally, we have

h h
L h” L=div rk r Fq{MN + A, (h

where A,(h)! Oash! O+.

Recently transformed into a rigorous approach by R. McCann and M.
Puel.

Other phenomenological derivations by Ph. Rosenau (1990).
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Plan of the talk

Recall the notion of entropy solution to have existence and
uniqueness result

Recall that for the RHE the support of solutions moves with speed
c>0

There are discontinuity fronts propagating at speed c

Interpretation of the notion of entropy solution in terms of the
evolution of the discontinuity fronts

Some numerical experiments

Final comments
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Entropy solutions: motivation

Start with the RHHE model (withc=1)
. . D .
U =div uU—— = udiv D_u + jDuj:

Let ug(X) = ¢ (Xx), C convex, for instance C = B(0; R).
Look for solutions of the form

ut;x)= (1) cqwy; C(t)=C B(0;t):

Then
= ) cy+ OHN 1 @Qt)
_ Du a . Du N 1 :
dv uss = O codv o+ (OH  @Q):
_ Oren . Du |
= (= @dv - nC
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Assuming that C(t) is calibrable

Du  P(C(t))

Wb T TJowmy oW
Hence
P
©= O5c;
- N
(t): Q U(t;X): Jé(tJ)J C(t):

jC(t)j’

Observe that
u2 C([0; T}, LYRY))

u?2 Llloc ((0; T): BV (RY)) (weakly measurable)

us 2M ((0;T) RN) (in this case):
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Basic formal estimates:

Mass preservation:

q Z Z
- = di ;Du) =0
o u Iva(u; Du)
L P-estimates:
q Z Z
& uP*t = (p+1) a(u;Du) DuP 0

BV -estimate (case RHE)

uDu
—  u’+2 P — Du O
dt u2 + jDuj?

Use that p-41- uj j u?toobtain & Ru2 + RjDu2j C(kugky)
" u2+j j2 dt 0”2

=) Tap(u(t)) a2BV(RY) t> 0 0<ac<b:
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Entropy solutions: motivation

Recall the usual FORMAL unigueness proof of solutions of:

%l:: diva(u; Du) (7)
If u; v are two solutions with values u(t); v(t) 2 BV (RV), then
}EZ ju vjdx = }Z(u v)isign(u v) =

(a(u;Du) a(v;Dv)) (Du Dv) g(u v)=

Z
(a(u;Du) a(u;Dv)) (Du Dv) o(u v) O:

Thinking in a Kruzkov's type of proof:
we need test functions of the form T(u 1) 2 L. ((0; T); BV (RVY)).
we have to give sense to the above integrals.
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Kruzkov's de nition of solution:

Theorem (Andreu-C-Mazoén)
u2 C(0; T, LY (RY))
Tap(U()) @2 Lijs,, (0;T;BV(RY)) 80<a<b, where

Tap(r) = max(min( r; b); a)

(i) u; =div a(u;r u) in DYQ7)
(i) Kruzkov inequalities hold.

(1) + (1) =) uniqueness

Let us explain how to write Kruzkov's inequalities.
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The Kruzkov's inequalities

We need truncatures S(u |) to approximate the sign(u 1[),1 2 R.
Write them as S(u).

We need truncatures T (u) so that T(u(t)) 2 BV(RN) (T = T.p, Q)
Then formally multiply u; = div a(u; Du) by S(u)T (u) (t;x)

Z 1 Z
Jrs(u(t)) «(t) dxdt
0 RN
S (wa(u;Du) DT (u)dt+ T (ua(u;Du) DS(u)dt+
0 RN 0 RN
Z+Z
a(u;Du) r T (u)S(u)dxdt O
0 RN

8 test function, Jys the primitive of T (r)S(r).
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The term S(u)a(u; Du) DT (u)

Leth(z; )=a(z; ) ,(z; )2R" RNV.
If S is a truncature, we de ne hg(z; )= S(z)h(z; )

ZZ
Jrs(u(t)) Xt) dxdt
0 RN
Z 1 Z Z+Z
h s(u;DT (u)) dt + h t(u;DS(u)) dt+
0 RN 0 RN
Z1Z
a(u;ru) r T (WS(u)dxdt O
0 RN

8S: T truncatures such that TS T%S 0
8 test funtion.
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The term S(u)a(u; Du) DT (u)

If S Is a truncature, let Fs(z; ) be one of the functions
fs(z; )= S(z)f(z; ) and hg(z; )= S(z)h(z; )

Then if w 2 BV (RN) we know how to de ne the measure Fs(w;Dw):

Z
Fs(w;Dw); 1 = iS(w)F (w;Dw); 1 := (X)Fs(w;r w) dx

Z
+ (X)(Fs) (w(x);

Z Z v+ (x)
+ (X)(Fs) (s; w(x))dH™ *

w  (X)

D ‘w

g ) D W

where (Fs) (z; ) :=1limy o+ tFs(u; ¢) Is the recession function. (Dal
Maso)
Ww(X) IS the approximate limit of w at x
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Functional calculus:

IfT - Ta;b+ C,C2 R!

s (u; DT (u)); i := HFs(Tap(u);DTap(u)); i+
/
[ ](X)[FS(U;O) Fs(a; 0)]+
/
b (X)[Fs(u;0) Fs(b;0)]

When need the lower semicontinuity results for F (w; Dw) when F (z; )
Is convex in  (G.Buttazzo, G. Dal Masso, V. De Cicco- N. Fusco- A.
Verde).
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The Kruzkov's inequalities

Take u such that Tap(u) a2 BV(RV)forallO<a<b.

Test functions for subsolutions: T SUB
(S; T) truncatures such that

S 0S° 0 and T OTY O

Test functions for subsolutions: TSUPER
(S;T) 2 P such that

S 0S° 0 and T OTY O

The proof of uniqueness requires only (S;T) 2T SUB

Analysis of the entropy conditions requires test functions in T SUBand
TSUPER
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Entropy inequalities

Z+Z
Jrs(u(t)) A(t)dxdt

0 RN

h s(u;DT (u)) dt + h t(u;DS(u)) dt+
0 RN 0 RN
Z 17

a(u;ru) r T (WS(u)dxdt O

0 RN

8S; T2TSUB[TSUPER
8 test funtion.
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Existence and Uniqueness

Theorem: Existence and Uniqueness (Andreu-C-Mazon)

Under assumptionson f (z; ) and a(z; ):

ForanyO0 up2 L! (RV)\ LY(RN) there exists a unique entropy
solution u of

u; =div a(u;Du) InQt =(:;T) RN
u(0) = ug

If u(t), T(t) are the entropy solutions corresponding to initial data ug,
Up2 LY (RN)\ LYRN) 7, then

k(u(t) T(t))"ks k (up Tg)"ky forall t O (8)
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Existence and uniqueness

We need (and this de nes the underlying operator)
u2 LY(RY)\ LT (RN), Tap(u) a2BV(RV),80<ac<bh.
u diva(u;Du) = f
the inequality

S(ua(u;Du) DT (u) hs(u;DT (u));

for all truncatures S; T 0.
Crandall-Liggett's scheme: Iterating (u"*! = u solution of):

t .
u ﬁdlv a(u;r u)=u"

we construct an entropy solution u(t) of u; = div a(u;r u).

We prove uniqueness using the doubling variables technigue.
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Evolution of the support of RHE

Theorem (Andreu-C-Mazon)
Let C be an open bounded set in RN .
Letug 2 (LY(RNV)\ Lt (RN))*™ with support equal to C.

Let u(t) be the entropy solution of RHE with u(0) = ug. If we assume
that

(*) up>> 0Oinside C,

then

supp(u(t)) = C B(O;ct) forall t O:

FLDE. —p. 20/3



Evolution of the support of RHE: sub and supersolutions

Subsolutions look like

Given Rg; o> 0and o O, there are values ;; , > 0Olarge enough
such that

8 2
>e o PROTTRE+ o if jxj<R()
u(t;x) = S

0 it jxj R(t):

where R(t) = Rg + ct, is an entropy sub-solution of RHE.
Supersolution

LetC RN acompact set. Then

u(t;x) = ¢ B:«t)(X)

IS an entropy super-solution of the RHE with up = ¢ as initial datum.
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The Rankine-Hugoniot condition

Letu2 BV ((0;T) RN)andletz2 L! ([0;T] RN;RV) be such
that uy = div z.

=( t; x)unitnormalto J,.

We de ne the speed of the discontinuity set of u as v(t;x) = - t((tt):()),
HN -a.e. on J,.

Observe that HN (f(t;x) 2 J, : «x(t;x)=0g)=0.

Proposition
Letu2 BV, ((0;T) RN)andletz2 L? ([0;T] RN;RV) be such
that u; = div z. For L! almost any t > O we have

[uOIC)V(EX) =z O] HY tae.inJy). (9)

where [[z  Ju®]]y s the difference of traces from both sides of Ju(t)-
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The Rankine-Hugoniot condition

Let B be a Borel set of J, contained in the boundary of an open
Lischitz set. Then

ul (HYjg =[[z o] HY %, sdt: (10)
We have
«HY g, = JvoHN dj;, dt;
(HYjo, = viY iy, dt;
We obtain
[ulvHY Yy vedt=[[z  Tvo] HY Y, vedt (11)

This implies the conclusion.
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Is Uy a Radon measure ?

For the RHE: ug 2 LY(RN)\ Lt (RN), ug(x) O.
Let i,i=0;:::; , bethe boundaries of bounded open sets of class
Ctl, Assume that

(i) dist( j; j)> Oforanyi 6 j,

(i) ug2 WZI(RN n[,,, Dandrug2L! (RN n[.,, i),

(iii) up is discontinuousin  withugj . >ci+ {>c; | >U,]j |,
1=0;:::; .

(iv) ug is either O or is bounded away from zero in any connected
componentof RN n[.., i.

(v) Letd(x)= d(X;[ =g i),di(x)=d(x; i),i2f0;:::;°g,x2 RN,

suchthat (1+ )jr d r ugj Jr ugjin aregion
fx 2 RN :0<di(X)<; (ug ¢)rd r upg< Ogforsome > O.

If u(t) is the solution of the RHE with u(0) = ug, then u; is a Radon
measure.
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Characterization of Entropy Conditions

Letu2 C([0; T];LY(RN))\ BVioe((0;T) RN).

Assume that is the entropy solution of

0 1
m
u'r u A

(RHEmM)  u div @gq

2 . -
Uz + —jr uj?

u0) = ug 2 (LY(RY)\ LT RYD*\ BV (RN);

wherem 1.

(12)
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Characterization of Entropy Conditions

Then u is an entropy solution of (RHEm) if and only if for any
(T;S)2TSUB(forany (T;S) 2 TSUB[T SUPER) we have

hs(u; DT (u))® + hy (u;DS(U))®  (z(t;x) D(T(U)S(u)® (13)
and for L*-almost any t > 0 the inequality
[ST' (u)]+  [Prs o(u(t))]-
Vdrs (u(t)]+  +[[z(t) TeO]T(u(t) S(u(t))]+

holds HN ' a.e. onJy. Here' (r)=r™.

(Write the EC on the jump set.)
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Vertical contact angle at the boundary of the evolving front

If m =1 we assume thatu 2 BV ((0; T) RN).
Ifm> land up 2 BV (RV),thenu 2 BV ((0;T) RN).

Then the entropy conditions hold if and only if
[z Jeo], =(u)™ and [z @] =(u )™: (14)
Moreover the velocity of the discontinuity fronts is

S )™ (u)m
ut u

(15)

Incasem =1, we havev =1.
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Vertical contact angle at the boundary of the evolving front

m
p——— 0], =(u*)" ! (16)
u2+ jr uj?
u™r u ] =(u )™ (17)

~M ; :
u2+ jr uj?
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Experiments

Andreu- C-Mazon-Soler-Verbeni (WENO)
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Experiment 1

Figure 1: Solution of (RHE),c=1, =1
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Experiment 2

Figure 2: Solution of (RHE) c=0:3, =1.
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Experiment 3

Figure 3: Solution of (RHE)
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Experiment 4
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Figure 4. Solutions of (RHEmM), m
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Experiment 5

Figure 5. Solution of (RHEmM), m = 0:5.
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Experiment 6

Figure 6: Solutions of (RHEmM), m = 2. ——FLDLD.%/;



Asymptotic limitas c! 1

Theorem

Let u; be the entropy solution of (RHE) with
u(0; x) = ug(x) 2 (L* (RM)\ LY(RY)*. Asc!1 , u;convergesin
C([0; T];LY(RN)) to the solution of U the heat equation

Ui = u

with u(0; X) = ug(X).

Basic estimate:

Assume that ug > O satises Yo <1.
Let u be the entropy solution of RHE. Then for any t > 0, u(t) satis es

sup N ULX) T U (18)
1] rv JU(E X)) Up 4
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Asymptotic limitas c! 1

If u(x) > Oforallx 2 RN, dene u= €. If uis an entropy solution of

. ubDu
U =div P
us + |Duj
Then v(t; x) is a solution of
!
. .2

V=div P+ po
1+ jr vj? 1+ jr vj?

(19)

(20)
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Asymptotic limitas ! 1

Theorem

As !1 | the entropy solution of the RHE converges to the solution
of the equation

U = cdiv uD—u 21
t = iDuj (21)
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