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u(x) = u(x0) + Qt;x0(x � x0) + O(tjx � x0j3) in B1

� Proof

tr DxFD2uxi = fxi in B1

9 “universal” t0; � st, for all t � t0, v = uxi is touched from above and
below inAt \ B1=2 by quadraticsPi; t

x0
and �Pi; t

x0
with openingt and

jAC
t j 5 C(kDuk1 + kDxf kN)t� �

=) uxi differentiable inAt \ B1=2, Duxi (x0) = DPi; t
x0

(x0) = DP
i; t
x0

(x0) and

jDu(x) � Du(x0) � D2u(x0)( x � x0)j 5 Ctjx � x0j
2



10

Regularizations of (� )- viscosity solutions



11

Regularizations of (� )- viscosity solutions
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Regularizations of (� )- viscosity solutions

� inf - and sup - convolutions
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graph�u" = f (x; y) 2 RN+ 1 : d(x; y) = " and y = u(x)g

graphu" = f (x; y) 2 RN+ 1 : d(x; y) = " and y 5 u(x)g

� �u"

� u"

Lip. continuous,
semi-concave,

semi-convex,

�u" # u ;

u" " u ;

“F(D2�u" ; D�u" ; �u" ; x) 5 " ”

“F(D2u" ; Du" ; u" ; x) = � " ”
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some additional important properties of the regularizations
of Lipschitz sub- and super-solutions of uniformly elliptic equations



15

some additional important properties of the regularizations
of Lipschitz sub- and super-solutions of uniformly elliptic equations

F(D2u) = f F uniformly elliptic

�u" (x) = sup[u(y) � (2" ) � 1jx � yj2]

y(x) “maximizer” for x

�u" (x) = u(y(x)) � (2" ) � 1jx � y(x)j2

graph�u" = f(x; y) 2 RN+ 1 : d(x; y)= "
andy = u(x)g

y(x) “maximizer” for x

d(( x; �u" (x)) ; (y(x); u(y(x))) = "
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9 C > 0 (depending ONLY on ellipticity constants andN) st

� jx1 � x2j 5 Cjy(x1) � y(x2)j (Jacobian of y� 1 is bdd)

� if a quadraticP touches�u" from above atx, thenu is touched
aty(x) from above by a quadraticP"

and

D2�u" (x) = D2u(y(x)) + C" 2jD2u(y(x)) j2

� 9 t0; � st for t = t0 9 A"
t st jA"

t j 5 t� � and

u" has a second order expansion from above with error of sizet in A"; c
t

�u" has a second order expansion from below with error of sizet in A"; c
t
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>
x

u

y(x) >

>

>

> D2u" (x) = � C
"

jD2u(y(x)) j 5 C
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u

>

>

x

u

y(x) >

>

>

>
At

At
* |At   | < C|At |* ,c c

=

D2u" (x) = � C
"

jD2u(y(x)) j 5 C
"
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Sketch of proof
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Sketch of proof

� �u" (x) = sup[u(y) � (2" ) � 1jx � yj2] = u(y(x)) � (2" ) � 1jx � y(x)j2

� �u" touched from above by a quadraticP at x )

P

x y(x)
u
ue-

P(z) � P(x) = �u" (z) � �u" (x) = u(z) � (2" ) � 1jz� yj2 � (u(y(x)) � (2" ) � 1jx� y(x)j2)

) u(y) 5 u(y(x)) � (2" ) � 1[jz � yj2 � j x � y(x)j2]

) u is touched from above aty(x) by a quadratic of opening" � 1



25

Sketch of proof

� �u" (x) = sup[u(y) � (2" ) � 1jx � yj2] = u(y(x)) � (2" ) � 1jx � y(x)j2

� �u" touched from above by a quadraticP at x )

P

x y(x)
u
ue-

P(z) � P(x) = �u" (z) � �u" (x) = u(z) � (2" ) � 1jz� yj2 � (u(y(x)) � (2" ) � 1jx� y(x)j2)

) u(y) 5 u(y(x)) � (2" ) � 1[jz � yj2 � j x � y(x)j2]

) u is touched from above aty(x) by a quadratic of opening" � 1
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P

x y(x)
u
ue-

Harnack inequality =)
u is also touched from below aty(x) by a quadratic of openingc="
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� u solvesu uniformly elliptic equation

P

x y(x)
u
ue-

Harnack inequality =)
u is also touched from below aty(x) by a quadratic of openingc="

� u is differentiable aty(x) and hasC1-contact from above and below with convex
and concave envelops of paraboloids with openingc="

x = y(x) � "Du(y(x)) = ) j Du(y(x1)) � Du(y(x2)) j 5 c" � 1jy(x1) � y(x2)j

=) j x1 � x2j 5 (1 + c)jy(x1) � y(x2)j
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Sketch of proof of

u solution,v � -supersolution ofF(D2w) = f in U
u 5 v + O(� 
 ) on@U

�
=) u 5 v + c� � (� > 0)

� several approximations/regularizations

u �! u subsolution F(D2w) = f � � � D2u = � � � 2� I

v �! v � -supersolution F(D2v) = f D2v 5 � 2� I
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Sketch of proof of

u solution,v � -supersolution ofF(D2w) = f in U
u 5 v + O(� 
 ) on@U

�
=) u 5 v + c� � (� > 0)

� several approximations/regularizations

u �! u subsolution F(D2w) = f � � � D2u = � � � 2� I

v �! v � -supersolution F(D2v) = f D2v 5 � 2� I

� � w concave envelope ofw = u � v

jD2� wj 5 c� 2� on contact set

ABP-estimate =) supw 5 c� � 2� jf � w = wgj1=N
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� if � � 5 sup
U�

w , then
(�� ) � ( � + 2� ) N 5 cjf � w = wgj

{ Gw =w}

U
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� if � � 5 sup
U�

w , then
(�� ) � ( � + 2� ) N 5 cjf � w = wgj

� covering argument and(�� ) =)

9 B(xi ; � 
 ) st jB(xi ; 1
2� 
 ) \ f � w = wgj = c� ( � + 2� + 
 ) N

{ Gw =w}

B(xi, 2-1dg)

U
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 ) and quadraticQt such that

jD2Qtj 5 t, F(D2Qt) 5 f � � � and

u(x) = u(x0) + Qt(x � x0) + O(tjx � x0j3)

� v � -supersolution
u 5 v + `
` linear

=) F(D2Qt � t� ) = f (x0)

� uniform ellipticity =) � � 5 c� 1� 1� ( � + 2� + 
 ) N

a contradiction if � � (� + 2� + 
 ) > ��
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HOMOGENIZATION
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<

:
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F uniformly elliptic, stationary, ergodic
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rate of convergence ku" � u0k = O(� (" ))

strongly mixing*

F linear, algebraic rate � (" ) = " 
 Yurinskii

* F strongly mixing with rate�

E[fg � EfEg] 5 � ( j x � yj )kf kk gk

f 2 L1
+ (S) , g 2 L1

+ (S( r)) S = � f F(x; �) : x 2 Q1g; S(r) = f F(x; �) : dist(x; Q1) � rg
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HOMOGENIZATION
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u0 = g on @U
Ca�arelli-Souganidis-Wang

rate of convergence ku" � u0k = O(� (" ))

strongly mixing*

F linear, algebraic rate � (" ) = " 
 Yurinskii

F nonlinear, logarithmic rate � (" ) = " cj ln " j � 1= 2
Ca�arelli-Souganidis

* F strongly mixing with rate�

E[fg � EfEg] 5 � ( j x � yj )kf kk gk

f 2 L1
+ (S) , g 2 L1

+ (S( r)) S = � f F(x; �) : x 2 Q1g; S(r) = f F(x; �) : dist(x; Q1) � rg
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� Lemma: strongly mixing media with logarithmic rate

9 A" � 
 st P(A" ) 5 C" cj ln " j � 1= 2
and

ku" (�; ! ) � PkC( �B1) 5 C(1 + kPk)" cj ln " j � 1= 2
in Ac

"
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� Lemma: strongly mixing media with logarithmic rate

9 A" � 
 st P(A" ) 5 C" cj ln " j � 1= 2
and

ku" (�; ! ) � PkC( �B1) 5 C(1 + kPk)" cj ln " j � 1= 2
in Ac

"

� Lemma: If F(D2u" ; x
" ; ! ) = 0 in U, then

u" is " cj ln " j � 1= 2
– solution off a set A" 2 
 st P(A" ) 5 C" cj ln " j � 1= 2
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� rate for quadratic data =) rate for general data

F(D2u" ; x
" ; ! ) = 0 in U =) u" is � -subsolution ofF0(D2w) = � � � � = C" j ln " j � 1= 2
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� rate for quadratic data =) rate for general data

F(D2u" ; x
" ; ! ) = 0 in U =) u" is � -subsolution ofF0(D2w) = � � � � = C" j ln " j � 1= 2

� P quadratic stjD2Pj 5 � � � , u" 5 P in B(x0; � ), u" (x0) = P(x0)

� assume F0(D2P) < � � �

P

Bd(x0)

x0

ue
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� rate for quadratic data =) rate for general data

F(D2u" ; x
" ; ! ) = 0 in U =) u" is � -subsolution ofF0(D2w) = � � � � = C" j ln " j � 1= 2

� P quadratic stjD2Pj 5 � � � , u" 5 P in B(x0; � ), u" (x0) = P(x0)

� assume F0(D2P) < � � �

� “lower” P to P� (x) = P(x) � �� � (� 2 � j x � x0j2)

u" (x0) = P(x0) ) P� (x0) � u" (x0) = �� 2+ �

uniform ellipticity of F0 ) F0(D2P� ) < 0

P

Pd

Bd(x0)

x0

ue
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� rate for quadratic data =) rate for general data

F(D2u" ; x
" ; ! ) = 0 in U =) u" is � -subsolution ofF0(D2w) = � � � � = Ce�j ln " j 1= 2

� P quadratic stjD2Pj 5 � � � , u" 5 P in B(x0; � ), u" (x0) = P(x0)

� assume F0(D2P) > � � �

� “lower” P to P� (x) = P(x) � �� � (� 2 � j x � x0j2)

u" (x0) = P(x0) ) P� (x0) � u" (x0) = � �� 2+ �

uniform ellipticity of F0 ) F0(D2P� ) > 0

P

Pd

Bd(x0)

x0

ue

ue
d

�

(
F(D2u�

" ; x
" ; ! )= F0(D2P� ) > 0 in B(x0; � )

u�
" = P� on @B(x0; � )

)
� u�

" = u"

� ku�
" � P� k5 C� 2(1+ � � � )e� cj ln( "=� ) j 1= 2

in A"
�
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� rate for quadratic data =) rate for general data

F(D2u" ; x
" ; ! ) = 0 in U =) u" is � -subsolution ofF0(D2w) = � � � � = Ce�j ln " j 1= 2

� P quadratic stjD2Pj 5 � � � , u" 5 P in B(x0; � ), u" (x0) = P(x0)

� assume F0(D2P) > � � �

� “lower” P to P� (x) = P(x) � �� � (� 2 � j x � x0j2)

u" (x0) = P(x0) ) P� (x0) � u" (x0) = � �� 2+ �

uniform ellipticity of F0 ) F0(D2P� ) > 0

P

Pd

Bd(x0)

x0

ue

ue
d

�

(
F(D2u�

" ; x
" ; ! )= F0(D2P� ) > 0 in B(x0; � )

u�
" = P� on @B(x0; � )

)
� u�

" = u"

� ku�
" � P� k5 C� 2(1+ � � � )e� cj ln( "=� ) j 1= 2

in A"
�

� 0 5 u�
" (x0) � u" (x0) = u�

" (x0) � P(x0) + P(x0) � u" (x0)

5 C� 2(1 + � � � )e� cj ln( "=� ) j 1= 2
� �� � + 2< 0 for � = Ce� cj ln " j 1= 2
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REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE
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REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE

� linearization

F(D2u; x) = 0
F(D2v; x) = 0

=)
w= u� v

� aij (x)wxi xj = 0 aij bdd meas



50

REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE

� linearization

F(D2u; x) = 0
F(D2v; x) = 0

=)
w= u� v

� aij (x)wxi xj = 0 aij bdd meas

� Alexandrov-Bakelman-Pucci (ABP)-estimate

� aij wxixj = f in B1 =) sup
B1

w+ 5 sup
@B1

w+ + Ckf+ kLN (C universal)
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REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE

� linearization

F(D2u; x) = 0
F(D2v; x) = 0

=)
w= u� v

� aij (x)wxi xj = 0 aij bdd meas

� Alexandrov-Bakelman-Pucci (ABP)-estimate

� aij wxixj = f in B1 =) sup
B1

w+ 5 sup
@B1

w+ + Ckf+ kLN (C universal)

� Fabes-Stroock (FS)-estimate
(

� aij wxi xj = f in B1

w = 0 on@B1

0< f < 1
=) wj B1= 2

= Ckf kLM (C; M universal,M large)

� obstacle problem

u smallest st
8
<

:

F(D2u; x) = 0 in B1

u = P in B1

=)

� u = P on@B1

� F(D2u; x) = 0 in f u > Pg
� 05 (u� P)( y) 5 Cjx � yj2 (u(x) = P(x))
� F(D2u; x) = 1f u= PgF(P; x)+
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KEY STEP

Assume h�
k (! ) � � > 0

F(D2v�
k ; 3kx; ! ) = ( h�

k )N ) � aij (v
+
k � v�

k ) = 2� FS) v+
k � v�

k j Q1= 2
= 2� M

monotonicityof obstacle problem ) � �
k+ ` � � � ) if v�

k+ ` = P ) v�
k = P

each cell ofk + `-scale has diameter 3� k� `
k - scale

k + l  scale

v+
k � P

| {z }
= 0

+ P � v�
k| {z }

= 0

= v+
k � v�

k = 2� M

for “half” points must have either v+
k � P = � M or P � v�

k = � MN

if � +
k+ ` \ B1=2 6= ; 6) 3� 2( k+ ` ) C = � MN impossible for̀ large!

� need to go tok + ` instead ofk + 1 leads to slow rate


