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A regularity result
F(D’uy= f in U
F uniformly elliptic, u, f Lip, U = By =)
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A regularity result
F(D’uy= f in U
F uniformly elliptic, u, f Lip, U = By =)
9 to; depending on ellipticity anll st fort = to
9 A Bistj(BinA)\ Bi-,j5t ,andforallxo2 A\ B>
9 quadratioQy, such thaF(D?Qcx,) = f(X0), jD?Qixj 5 t, and
u() = u(x) + Qux(X  Xo) + O(tix  %oj°) in  Bi

Proof
tr DyFD?uy, = fy in By

9 “universal” to; st, forallt to,v= uy istouched from above and
below inA\ By, by quadraticsP,; and P,j with openingt and
iASj 5 C(kDuky + kDyfky)t

=) Uy differentiable inAc\ Bj=p, Duy(Xo) = DEiX?Ot(xo)z Dﬁi)jot(xo) and

jiDu(x) Du(x) D?U(xo)(X xo)j5 Ctix xoj?
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inf - and sup - convolutions

w(x) = sudu(y)

@) i

parallel surface

ﬂ d(xy) = dist(xy); graphu) (x2 R™;y2 R)
/\ d(x;u(x)) = 0

" andy= u(x)g

graphu-
graphu.

f(xy) 2 RV d(xy) =

f(xy) 2 RV d(xy) =

yi’l and . (x) = influy) +(2") *jx

"andy5 u(x)g

yi’l



Regularizations of ( )- viscosity solutions
inf - and sup - convolutions

W)= suduly) (2") ‘x ¥’ and w() = influy) +(2") ix ¥’

parallel surface

ﬂ d(xy) = dist(xy); graphu) (x2 R™;y2 R)
/\ d(x;u(x)) = 0

graphu = f(xy) 2 Rt :d(xy)= " andy= u(x)g

graphu. = f(x;y) 2 RN 1:d(xy)= " andy5 u(x)g

U semi-concave, - # U; “F(Dzu-- ;Du U x) 5 "
Lip. continuous,

U semi-convex, u. " u; “F(ng.,;Dg.,;g,.;x) = "



some additional important properties of the regularizegio
of Lipschitz sub- and super-solutions of uniformly ellpéquations



some additional important properties of the regularizegio
of Lipschitz sub- and super-solutions of uniformly ellpéquations

F(D%) = f F uniformly elliptic

o W Liu 2 graphu- = f(x;y) 2 RV L d(x y)="
w(x) = sudu(y) (2') “ix ¥’ andy = u(xg
y(x) “maximizer” for X y(X) “maximizer” for x

N = "y L i2
09 = U0 (2 YOI g u (0): (09 u(y() =



9C> 0 (depending ONLY on ellipticity constants ah st
it xj5 Cjy(x1) VY(x)j (Jacobianof y ! isbdd)

if a quadratid® touchesu- from above ak, thenu is touched
aty(x) from above by a quadratie-

and
D () = D’u(y(¥) + C"*D’u(y(¥))j?
9ty; st fort=ty 9A st jAj5t and
u. has a second order expansion from above with error oftsizd,

u- has a second order expansion from below with error of sie,’ ©
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w(x) = sudu(y)

Sketch of proof

(2") fix yi%1 = u(y(x)

(2) ‘ix

y(x)j?
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Sketch of proof

w( = sudu(y) (2) Yix ¥iFl= u(y(d) (2" 1i;< y(x)j?

u- touched from above by a quadraBatx ) %ﬂe
y(X

P@ PX=w(@ wi®=u2 (2) %2z %> (uye) (2 %ix yxi?)
) uy) 5 uye) (2 iz vi* ) ox y(9i’

) uis touched from above §(x) by a quadratic of openiny *
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Sketch of proof

w(d = sudu(y) (2) Yix yifl= u(y(9) (2 Yix ¥

P

u- touched from above by a quadraBatx ) %ﬂe
y(X

P@ PX=w(@ wi®=u2 (2) %2z %> (uye) (2 %ix yxi?)
) uy) 5 uye) (2 iz vi* ) ox y(9i’

) uis touched from above §(x) by a quadratic of openiny *
P

u solvesu uniformly elliptic equation %"e
y(X

Harnack inequality =)
uis also touched from below §tx) by a quadratic of opening="



26

Sketch of proof

w(d = sudu(y) (2) Yix yifl= u(y(9) (2 Yix ¥

P

u- touched from above by a quadraBatx ) %ﬂe
y(X

P PX=w(@ w=u?@ (2) %z v uy®) (2 ix yxi)
) uy) 5 uy())  (2) Yiz vi®Jx o Y%
) uis touched from above §(x) by a quadratic of openiny *
P

u solvesu uniformly elliptic equation Vs .
y(X

Harnack inequality =)
uis also touched from below §tx) by a quadratic of opening="

uis differentiable ay(x) and hasC!-contact from above and below with convex
and concave envelops of paraboloids with opertsy

x=y() "Du(y(¥)=)j Du(y(xs)) Du(y(x)j5 ¢ Yy(x) y(x)j
=) J x x5 (1+ 0jy(x)  y(x)]
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Sketch of proof of

u solution,v -supersolution oF(D?w) = f in U
u5 v+ O( )on@

several approximations/regularizations
u! usubsolution  F(D?w)= f
v! v -supersolution F(D%) = f

=) uS5v+ec
D?u = 2
D5 2|

(>0
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Sketch of proof of

u solution,v -supersolution oF(D?w) = f in U

u5 v+ O( )on@ ) usv+e
several approximations/regularizations
u! usubsolution  F(D?w)= f D= 2
v! v -supersolution F(D%) = f D5 2|

w concave envelope ofw=u v

jD? wj 5 ¢ 2 on contact set

ABP-estimate =) supw5 ¢ 2 jf = wgtN

(>0
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(+2)N5 ij

w = Wgj

{Gy=w}
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if 5 supw, then
() 7 (725 gf W= wj

covering argumentand ) =)
9 B(x; ) st B(x;3 )\ w=wgi=c( 2N

-

B(x, 21d9

{Gy=w}
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if 5 supw, then
U

{Gy=w}
( ) (+2)N5cjf W:ng Gy

covering argumentand ) =)

X
9 B(x; ) st jB(xi;% Y\ w=wgj=c (*2+ N

B(x, 271d9)
apply regularity result t®(x;; ) witht = Livzew
9 xo2contactset B(x;2 ' ) and quadraticQ: such that

iD?Qj5t, F(D?Q)5 f and

u(x) = u(xo)+ Qux  xo) + O(tix  Xoj°)
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if 5 supw, then
U

{Gy=w}
( ) (+2)N5cjf W:ng Gy

covering argumentand ) =)
%
9 B(x; ) st jB(xi;% Y\ w=wgj=c (*2+ N

B(x, 271d9)
apply regularity result t®(x;; ) witht = Livzew
9 xo2contactset B(x;2 ' ) and quadraticQ: such that

iD?Qj5t, F(D?Q)5 f and

u(x) = u(xo)+ Qux  xo) + O(tix  Xoj°)

v -supersolution

uS v+ _ _
* linear _) F(DZQI t ) - f(XO)
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if 5 supw, then
U

{Gy=w}
( ) (+2)N5cjf W:ng Gy

covering argumentand ) =)
%
9 B(x; ) st jB(xi;% Y\ w=wgj=c (*2+ N

B(x, 271d9)
apply regularity result t®(x;; ) witht = Livzew
9 xo2contactset B(x;2 ' ) and quadraticQ: such that

iD?Qj5t, F(D?Q)5 f and

u(x) = u(xo)+ Qux  xo) + O(tix  Xoj°)

v -supersolution

ub v+ _ 2 _
~ linear _) F(D QI t ) - f(XO)
; At — 1 l( +2 + )N
uniform ellipticity =) 5¢c

a contradiction if (+2+ )>
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8
<F(D%;¥1)=0inU

:u-v:gon@J

HOMOGENIZATION

F uniformly elliptic, stationary, ergodic
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HOMOGENIZATION
8
<F(D?u;¥;1)=0in U
. F uniformly elliptic, stationary, ergodic
"w=gon@

9 Fo uniformly elliptic st
< Fo(D?w) = 0 in U
u! winC(U) anda.s. ) Ca arelli-Souganidis-Wang
e "w=gon@
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HOMOGENIZATION

8
<F(D%;¥1)=0inU
F uniformly elliptic, stationary, ergodic

:u-v=gon@J

9 Fo uniformly elliptic st

< Fo(D?w) = 0 in U

u! winC(U) anda.s. . Ca arelli-Souganidis-Wang
e "w=gon@

rate of convergence ku- uwk = O( ("))
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8
<F(D?u;¥;1)=0in U

:u-v=gon@J

9 Fo uniformly elliptic st

u! winC(U) anda.s.
"1 0

rate of convergence
strongly mixing*

F linear, algebraic rate

* F strongly mixing with rate
E[fg EfEd5 (jx yj)kfkkgk
f2Li (9,921 (X)) s=

HOMOGENIZATION

F uniformly elliptic, stationary, ergodic

8 .
< Fo(D?w) = 0 in U

Ca arelli-Souganidis-Wang

: U =g on @
ku uk= O( ("))

(="

FR(X ) x2 Qug; S(r) = FR(x ) : dist(x; Q1)

Yurinskii



HOMOGENIZATION

8
<F(D?u;¥;1)=0in U
. F uniformly elliptic, stationary, ergodic
"w=gon@
9 Fo uniformly elliptic st

< Fo(D?w) = 0 in U
u ! WwinC(U) andas. ) Ca arelli-Souganidis-Wang

bo "UW=gon@
rate of convergence ku uk= O( ("))
strongly mixing*
F linear, algebraic rate ™m=" Yurinskii
1=2

F nonlinear, logarithmic rate (*)y= rdam’i Ca arelli-Souganidis

* F strongly mixing with rate
E[fg EfEd5 (jx yj)kfkkgk
f2L (9,921 (X)) S= fF(x):x2 Qg = fF(x ): ds(xQ) rg
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Lemma: strongly mixing media with logarithmic rate
1=2

9A st P(A)5 cran’i and

ku-(;1)  Pkgay 5 C(1+ kPK)"9M'T ™ in A¢



Lemma: strongly mixing media with logarithmic rate
1=2

9A st P(A)5 cran’i and

ku-(;1)  Pkgay 5 C(1+ kPK)"9M'T ™ in A¢

Lemma: If F(D%w;%;1)=0 in U, then

U is

ndn"i  _ golution offaset A 2 st P(A) 5 Crdn’i

1=

2



rate for quadratic data =)  rate for general data

F(D?u; %;1)= 0inU =) uw is -subsolution ofo(D?w) =

= criin’]

1=2



rate for quadratic data =)  rate for general data
F(D?u; %;1)= 0inU =) uw is -subsolution ofo(D?w) =

P quadratic s{D?Pj 5 U 5 PinB(xo, ), U (%)= P(xo)

assume Fo(D?P) <

= criin’]

By(xo)

1=2




rate for quadratic data =)  rate for general data
F(D?u; %;1)= 0inU =) uw is -subsolution ofo(D?w) =

P quadratic s{D?Pj 5 ,u 5 PinB(x; ), (%)= P(x)

assume Fo(D?P) <

“lower” PtoP (x) = P(x) (2jx xij?

w(x)= Px) ) P((0) w)= *

uniform ellipticity of Fo )  Fo(D?P ) < 0




rate for quadratic data =)  rate for general data

F(D?w;%;1)= 0inU =) u is -subsolution ofo(D?w) =

Pquadratic SjD°Pj 5 ,w 5 PinB(Xo; ), Ur (%) = P(Xo)
assume Fo(D?P) >

“lower” PtoP (X) = P(X) (2x xj?

w(xo)= P(x) ) P0) w)= =

uniform ellipticity of Fo )  Fo(D?P ) > 0
(

u =P on @(x; ) ku- P k5 C %1+

F(D%; ¥;1)= Fo(D?P )> 0inB(xo; ) W = W

ye 9= i iy A"



rate for quadratic data =)  rate for general data

F(D?u; ¥;1)= 0inU =) u is -subsolution ofo(D?w) = = cel MY’
P quadratic stDZPj 5 ;U 5 PinB(xo; ), W (%)= P(Xo)
assume Fo(D?P) >
“lower” PtoP (X) = P(X) (2jx xj?)
w(x)=Px) ) P(0) wx)= %

uniform ellipticity of Fo )  Fo(D?P ) > 0

(F(Dzu..;é;! )= Fo(D’P )>0inB(xo; ) W =1

i1=2

u =P on @(x; ) ki P k5C 21+ )e M=) jph A

05 U (%) w(x)= w(x) Px)+ P(x) u(x)

5C 21+ e dmC= it *2<0 for = Ce 4N’
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REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE
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linearization

F(D?u;x) = 0

Foumo o 2., A0 =0  a bidmeas



REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE

linearization
F(Du;x)= 0  _ __ _ __
F(DZV; X) -0 W:)u v au(X)WxixJ- =0 aij bdd meas

Alexandrov-Bakelman-Pucci (ABP)-estimate

Wy = finBr =) sBupw+ 5 supw. + Ckf. kn (C universa)
1 1



REVIEW OF KEY FACTS ABOUT UNIFORMLY ELLIPTIC PDE

linearization
F(Du;x)= 0  _ __ _ __
F(DZV; X) -0 W:)u v au(X)WxixJ- =0 aij bdd meas

Alexandrov-Bakelman-Pucci (ABP)-estimate

Wy = finBr =) sBupW+ 5 supw. + Ckf. kn (C universa)
1 1

Fabes-Stroock (FS)-estimate
(

ajWyx = finB < < .
i Wi 1 o=f<t Wg,_, = Ckfkw (C;M universalM large)
w= 00on@B;

obstacle problem

u smallest st u= Pon@B;
8 200 — A
. F(D“u;x) = Oinfu> Pg
< 2 = =
F(D°u2) = 0InBR) 05 (4 PYy)5 Cx ¥ (U= PO
“u=PinB; F(D?U;X) = 1w pgF(P;X)-
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KEY STEP

Assume h, () > 0

FIDV 3% ) =(ho)™) & v)=2 5 v v, =2"

monotonicityof obstacle problem ) e ) ifv,-=P) v =P
= k - scale
each cell ok + “-scale has diameter § H k+1 scall
M

e 5 Pty =% ¥ =2
=0 0

for “half’ points must have either vy P= M or P vy =

MN
if ;.-\ B6; 6) 3% )Cc= MNimpossible for large!

need to go t&k + " instead ok + 1 leads to slow rate



